
Lominoes for G4G9George Bellgibell�
om
ast.netLominoes are L-shaped polyominoes of width one. The lomino \Li � j" 
an be obtainedby taking a re
tangle with i 
olumns and j rows, and removing all but the bottom row andleftmost 
olumn. Be
ause we 
onsider \free" lominoes (whi
h 
an be 
ipped over), Li� j isthe same as Lj � i, so we use i � j. Lominoes were named by Alan S
hoen [1℄, he 
onsidersa \standard set of lominoes of order 8" to be all Li� j with i � 8 and j � 8. In 
ontrast, I
onsider here lominoes sorted by area.The smallest lomino, L2� 2, has area 3, and in general the area of Li� j is i+ j� 1. L2� 2is the only lomino with area 3, and L3 � 2 is the only lomino with area 4. However, thereare two lominoes with area 5: L3� 3 and L4� 2. In general, the number of lominoes of areaa is b(a � 1)=2
. Figure 1 shows the three lominoes of area 7 (we shall resist 
alling them\heptlominoes", for obvious reasons). Table 1 shows a 
ount of lominoes by area.
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L6x2Figure 1: The three lominoes of area 7: L6� 2, L5� 3 and L4� 4.Suppose we take all lominoes with area less than or equal to A. Can these potentially forma square? From Table 1, we see that the 
umulative area never hits a perfe
t square forA � 11, and using a 
omputer one �nds no perfe
t square for A � 100; 000.Suppose instead that we 
onsider only lominoes of area 7, 8, or 9. From Table 1 we see thatthe total area of these 10 pie
es is 21+24+26 = 81. Can these pie
es be pa
ked into a 9�9square? Indeed they 
an.
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Figure 2: The three lominoes of area 8: L7� 2, L6� 3 and L5� 4.A Puzzle for G4G9: Lomino81Figures 1,2 and 3 
ontain all lominoes of area 7, 8, and 9, respe
tively. Cut these pie
es outalong the solid lines (to avoid 
utting up this book, you 
an download a pdf 
opy of thisdo
ument at [3℄). Your 
hallenge is to pa
k the ten pie
es into a 9� 9 square. There are 9solutions to this puzzle, not 
ounting rotations and re
e
tions. However, there is only onesolution where all the pie
es are fa
e up|the lettering provides a 
lue to help you �nd thissolution. No solution is given here, you 
an �nd a solution in [3℄.After you solve this puzzle, you 
an use a subset of these pie
es to form a 8 � 8 square,and 14 re
tangles of various sizes as indi
ated in Table 2. In order to solve these puzzles,Area no. of lominoes Total area Cumulative area3 1 3 34 1 4 75 2 10 176 2 12 297 3 21 508 3 24 749 4 36 11010 4 40 15011 5 55 205Table 1: Number of lominoes by area.



you must de
ide whi
h pie
e (or pie
es) to leave out, and pa
k the remaining pie
es into are
tangle of the required size. In order to solve most of these problems, you will need to 
ipsome of the lominoes.

L5x5

G 9
4

G 9

G
G

L8x2

L7x3

L6x4

Figure 3: The four lominoes of area 9: L8� 2, L7� 3, L6� 4 and L5� 5.To G4G10 ... and beyondSuppose we take all lominoes with area 8, 9, and 10. We 
an 
al
ulate from Table 1 thattheir total area is 100. These pie
es 
an be pa
ked into a 10 � 10 square, and subsets 
an



Re
tangle No. of pie
es Solutions Re
tangle No. of pie
es Solutions9� 9 10 9 9� 6 6 29� 8 9 16 8� 6 6 1012� 6 9 15 10� 5 6 48� 8 8 3 11� 5 6 1311� 6 8 7 8� 5 5 413� 5 8 1 10� 4 5 119� 7 7 6 8� 4 4 28� 7 7 6 8� 3 3 2Table 2: Squares and re
tangles that 
an be pa
ked using the ten pie
e Lomino81 set.be pa
ked into a 9� 9 square, or 16 re
tangles [2℄.Is there a pattern here? What about lominoes of area 9, 10 and 11? Their total area is 131,too mu
h for an 11� 11 re
tangle. But we 
an still build an 11 � 11 re
tangle leaving onepie
e out (one of the lominoes of area 10). This puzzle is solvable, and has only 5 solutions.In fa
t, an analogous puzzle 
an be extended inde�nitely! In ea
h 
ase our goal is to makean n � n square from di�erent lominoes of area n � 2, n � 1 and n. For n > 10, the totalarea of the pie
es is greater than n2, so we have to leave some pie
es out. Figuring out whi
hpie
es to leave out is part of the puzzle.These puzzles rapidly be
ome too diÆ
ult to solve by hand, but make for good 
hallengesfor 
omputer solvers, su
h as BurrTools [4℄. Table 3 shows the number of solutions up ton = 16. Interestingly, the number of solutions is always relatively small, and there is nosolution for n = 16. Although I have not been able to �nish a 
omplete run for n = 17, Ihave found two solutions by guessing the pie
es that might work (Figure 4b).Square Lominoes No. of Solutions BurrToolssize (n) of area pie
es Total No nest runtime9� 9 7,8,9 10 9 2 2 se
onds10� 10 8,9,10 11 5 2 7 se
onds11� 11 9,10,11 12 5 0 3 minutes12� 12 10,11,12 13 28 2 10 minutes13� 13 11,12,13 14 7 0 1.2 hours14� 14 12,13,14 15 5 0 4.4 hours15� 15 13,14,15 16 2 0 17 hours16� 16 14,15,16 17 0 0 2.5 days17� 17 15,16,17 18 � 2 ? in
ompleteTable 3: Number of solutions to lomino pa
king problems of in
reasing size. BurrToolsruntimes are on a 2 GHz PC with 1 GB of RAM.



In Table 3, you will �nd a solution 
olumn heading of \No nest". We 
all two lominoesnested when one is pla
ed inside another, forming a \L" shape that is two squares wide, asin Figure 4a. A \no nest" solution is one that 
ontains no pair of nested lominoes. No nestsolutions may be preferred for aestheti
 reasons, but have been found only for n = 9; 10 and12.

Figure 4: (a) A pair of nesting lominoes, (b) 18 di�erent lominoes of area 15, 16 and 17 pa
ka 17� 17 square (found by BurrTools [4℄). Can you �nd the nesting pair?Referen
es[1℄ Alan H. S
hoen, A Potpourri of Polygonal and Polyhedral Puzzles, in Homage to aPied Puzzler, edited by Ed Pegg, Jr, Alan H. S
hoen and Tom Rodgers, A K Peters,2009.[2℄ Ishino Keii
hiro, Puzzle Will Be Played, Lomino100 puzzlehttp://www.asahi-net.or.jp/�uy7t-isn/Puzzle/Lomino/100/[3℄ http://www.
om
ast.net/�gibell/g4g9/[4℄ http://burrtools.sour
eforge.net/


